SPHERICAL FUNCTIONS AND INTEGRAL GEOMETRY

BY
HARRY FURSTENBERG AND ISAAC TZKONI

ABSTRACT

The paper presents two proofs of an integral geometric formula concerning -
dimensional ellipsoids. One of the proofs is based on a representation theorem
for spherical functions due to Harish-Chandra,

Let E denote an n-dimensional ellipsoid centered at the origin of R*, and for
1 £ k = n, let F{ denote the Grassmannian manifold of k-dimensional subspaces
of R". The following integral-geometric formula seems to have escaped notice:

M oV B = [ ViE O &ram(@)

where V,(E) denotes the n-dimensional volume of E, dm({) is the normalized
rotation invariant measure on Fy, V(¢ N E) denotes the k-dimensional volume of
the section £ N E, and ¢, is a constant depending only on »n and k. (Choosing E

to be a ball we find
k
n n
(%)

@ = )
“EG)

For k=1 this formula represents simply the rule for integration in polar

coordinates and is valid for any symmetric star-shaped body in R", But for k > 1,
(1) does not appear to reduce to any well-known formula, and we do not know in
what generality such a formula is valid.

In §6 we shall see that a number of other integration formulas can be obtained
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together with (1), and that these are all consequences of a representation theorem
for spherical functions developed by Harish-Chandra. In the first sections we
shall give an independent, “‘elementary’’ derivation of (1).

1. Homogeneous spaces and multiplier functions

Let G be a topological group and M a topological G-space, i.e., we assume
defined a continuous map G x M — M denoted by (g,x)— gx, and satisfying
ex=x and (g'g")x = g'(g"x). We denote by Z(G,M) the group of functions
(cocycles, multiplier functions) from G x M to the positive reals satisfying

3 o(g'g", x) = o(g’, g"x)o(g", x).

The subgroup of multiplier functions (m.f.’s) having the form

4 o(g,x) = f(gx) [f(x)

where f is a continuous function from M to the positive reals, will be denoted
B(G,M). The quotient group will be denoted H(G, M). If K is a subgroup of G,
we denote by Zg(G,M) the subgroup of m.f.’s satisfying o(k,x)=1 for
keK, xeM.

Lemma 1. If K is a compact subgroup of G which is transitive on M, then
the natural map of Z (G, M) into H(G, M) is an isomorphism onto.

Proor. IfoeZy(G, M) N B(G, M), then o(g,x)= f(gx) [f(x) where f(kx)= f(x)
for all k,x. But then fis a constant and so ¢ =1. This shows that the map in
question is one-one. On the other hand, if 6 € Z(G, M), form

___J'k O'(k, gx)dk _ fk O'(kg,X)dk

" [ ok, x) dk o(g ) = fx o(k,x) dk

a'(8,%)

Here dk denotes Haar measure on K. Then ¢ and ¢’ are congruent modulo
B(G,M) and ¢’ €Zg(G,M). It follows that the image of Zy(G,M) is all of
H(G,M).

Now let M = G/H for some closed subgroup H of G. Let x, denote the coset
H in G/H. If 6€Z(G,M), then a(h,x,) for he H defines a mutiplicative homo-
morphism from H to the positive reals. We call such a homomorphism a character.
Let x,(h) = o(h, x,).

LeMMA 2. If K is transitive on G [H, then each 0 € Z (G, G [H) is determined
by the character y,.

ProoF. Assume that o(h,xp)=1 for all heH. If ge G then g = kh, with
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keK, he H, so that 6{g, xq) = a(kh, xq) = a(k, hxy)o(h, xo} = 1. Finally 6{g, g'x,)
= o(gg, xo) Jo(g) %) = 1 so that ¢ = 1.

Combining the above lemmas we see that if K is compact and transitive on
G /|H, then the cohomology group H(G, G /H) is isomorphic to a subgroup of the
positive character group of H.

2. Multiplier functions on the Grassmannian

To illustrate the foregoing let G = SE(n,R), the group of n x n unimodular
matrices, and let M = F;, the Grassmannian variety of k-planes through the
origin in R". If K = SO(n), then K is compact and transitive on M. Moreover
M = G/H where H can be taken as the subgroup of matrices

=l )

where A is a k x k mairix and D is an n — k X n — k matrix. It is not hard to
show that the commutator group of H consists of those matrices in H with
detA = detD = 1. Since a character on H takes the value 1 on the commutator,
we see that the character group of H is one-dimensional and consists of powers
of the character w defined by

A B
w( )=detA.
0 D

Now it is not hard to determine the multiplier function in Z, which corresponds
to the character w. Namely, let g SE(n,R) and x € Fy, so that g is a linear trans-
formation of R" and x is a subspace of R". Assuming a fixed Euclidean (i.e.,
Hilbert space) structure on R”, each subspace is endowed with a Euclidean
structure, and we can talk of k-dimensional volumes of subsets of x. The trans-
formation g induces a linear transformation of x onto gx, and the expression

© ou(g.x) = JE)

where V' denotes k-dimensional volume, is independent of the subset A of x that
is chosen. One sees readily that o, is a multiplier function in Z;. Moreover, if
A B

heH, h=
€ (0 D

Then clearly o(h, x,) = det A. We have thus proved

), and x = x, then &|x, is represented by the matrix 4.
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LemMmA 3. The group H(SL(n,R),F;) is one-dimensional and its elements
are represented by the multiplier functions

a(g, x) = (g, x)
where t is real and o, is defined by (5).

3. Radon-Nikodym derivatives as multiplier functions

Suppose, more generally, that G is a Lie group, M = G/H a homogeneous
space and K a compact subgroup of G thatis transitive on M. M has a C* manifold
structure and G acts on M by C® diffeomorphisms. A measure on a manifold
will be called ‘“‘smooth’ if it is expressed in local coordinates t;y Y(xy, %)
dx, ---dx, where ¥ is a C* function. It will be called “‘strictly positive”” if y is
strictly positive. If u is a measure on M, we denote by gu the measure defined by
gi{A) = u(g~*A). Inasmuch as K is transitive on M, there will exist a unique
probability measure on M, denoted m,, satisfying km,, = m,, for all ke K. Now
let 4 be any smooth probability measure on M. Then for each ge G, the measure
gy is smooth. The measure defined by

A(4) = f ku(A)dk

will again be a smooth measure on M. Since Ji is K-invariant, it follows that
it = m,, and therefore we conclude that m,, is a smooth measure. Similarly, by
choosing u strictly positive, we may conclude that my, is strictly positive.

Now let u; and u, be two strictly positive smooth measures on M. Then they
are each absolutely continuous with respect to the other and we may form the
Radon-Nikodym derivative du, /dp,. This is a function defined almost everywhere
on M. However, in local coordinates, this will be the ratio of two nonvanishing
C” functions, and hence there is a unique continuous version of this derivative,

Lemma 4. Let

dg='m
on(8 ) = ()

Then o) is a multiplier function belonging to Z (G, M).

Proor. We make use of the following two rules for Radon-Nikodym derivatives:

. d d d
(l) Ky _ My . H2

dps  dpy dy,
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(i L) = Phe)

valid almost everywhere, assuming the measures y; are in the same absolute
continuity class. When the p; are strictly positive smooth measures on M, then
these equalities are valid everywhere. Hence

I

dg;'giim de e im deT'm
om(8182,%) = gzdrgnlM Ai(x) = flzg‘gI:nMM(x) gémMM )

dgi'm d
- g;mMM (82%) g:im (%) = ouml(g1, 82X)om(82, X)-

Finally, since m,, is K-invariant, it follows that o, € Zx(G, M).
4. Proof of the integration formula (1)

Let us return to the example G = SE(n,R), M = F;, K = SO(n). We have two
explicit examples of multiplier functions in Z¢(G, M), o, and &,,. Since, by Lemma
3, this group of m.f.’s is one-dimensional, we must have o, = o} for some real
number ¢. In fact, we have

LemMa 5. The multiplier functions o, and ozp are related by
(6 ory(g, x) = 0 "(8,%).
Proor. From the foregoing discussion we know that a relationship of the form

Opp = 0% * is valid. To show that a, , = — n, it suffices to check (6) for any g,x
for which o,(g,x)# 1. We choose

a 0...00

g=h, = Co. a#l,
10

00...0 at

and x = x,. Then o,(h,,x,) =a. Now let u be any smooth, strictly positive
measure on M. Then

d dg='p ,  dg-‘my . . dmy,
B ) = 18 Doy LS8

where f(x) = du [dmy(x). If we set o’(g,x) = dg™! p/du(x), then since hxo=x,
we will have

ou(Bgs Xo) = 0”(hy, Xg)
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As a result, to compute a(h,, X,), we can take any convenient measure defined
in a local coordinate system about x,, and form the corresponding Radon-
Nikodym derivative. Since in ordinary Euclidean space a diffeomorphism trans-
forms Euclidean measure by multiplying it by the jacobian of the transformation,
we see that our problem reduces to computing the jacobian of the transformation
h,in an appropriate coordinate system on F}. Such a coordinate system is obtained

by assigning to the coset gH the matrix X(g) = CA™! where g = (g g)

One checks that this depends only on the coset gH, and it provides a coordina-
tization of ths nsighborhood of x, for which A is invertible. Moreover x,
corresponds to the 0 matrix. Now write

o)

where P is a k x k matrix and Q is an n — k x n — k matrix. Then
A B PA PB
& (c D) - (QC QD)
so that X(h,g) = QCA™'P™* = QX(g) P~. In this coordinate system the trans-
formation h, islinear and its jacobian is readily computed to be a”. This completes

the proof of the lemma.
We are now in a position to prove the identity (1).

TueoreM 1. If E is an n-dimensional ellipsoid with center at the origin of
R" then

(1 bis) coaV )= [ Vil 0 Eram@

where M = F, is the Grassmannian variety of k-dimensional subspace of R",
and my, is the rotation invariant probability measure on M.

Proor. We note that if the equality in question is valid for an ellipsoid E it is
also valid for every dilation of E. Hence we may assume that E has the same
volume as the n-dimensional ball B,. Then E = g~ ' B, for some ge SL(n,R). It’
follows that

VEAR) v(a(e NE) = o (g OVt M B,)

ViENE) = 5l nE)
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Now g& N B, is a k-dimensional section of B, and its volume is that of the k-
kj2
dimensional unit ball Vi(B,) | =-———— | . Hence

k k
2l
L > (3)
f V& NEydmy() = Vk(Bk)nf 0y, (g, O)dmy(&) = V(B f op(g, E)dmy(&)
M M M

dg—tmy

= Vi{By)" J\M—dﬁ;—(i) dmy () = V(B - my(gM) = Vi(By)"

V(B

V. (E).

This proves the theorem.
5. Unitary multiplier functions and flag manifolds

All the Grassmannian varieties F; occurring in the preceding sections are
equivariant images of a single homogeneous manifold F”. We say that a G-space N
is an equivariant image of a G-space M if there exists a map ¢ of M onto N
satisfying ¢(gx) = go(x) for xe M. Then if we take F" to be the space of all
“flags’’ in R", i.e., of all (n — 1)-tuples of subspaces & <&, =--- < ¢,.; <R,
where dim &, = i, F" will be a G-space for G = SL(n,R), and the natural map of
F" to F; is an equivariant map. The orthogonal group K is transitive on F” and
the cohomology group H(G,F™) is isomorphic to Zy(G,F"). We proceed to
determine the group Z (G, F").

Let &, be the flag in F” whose ith component is the subspace of all vectors in
R" whose last n — i components vanish. Then the isotropy group of &, consists
of the subgroup H of upper triangular matrices {h = (a;,) | a;=0,i>j} and we
have F* = G /H. The group Z(G, F) is isomorphic to a subgroup of the positive
character group of H and the latter is quite easy to determine. One sees that such
characters have the form

= 'l 12 sae t -1
x(h) = a;1a535 " 4, { u-1

Now we can lift the m.f. 6, from G x Fto G x F" by identifying ¢,(g,(¢,, --*,€,-1))
with o,(g, &,). The resulting m.f. belongs to Zx(G, F) and we have

Xa',,(h) = O'k(h, fo) =day1A55 " Qi

From this it follows that the o, generate all of Z (G, F") and that any m.f. in
Zy(G,F") can be written

Fn-1t

(M G =07'0% 0, .

Now suppose that a m.f. g € Z¢(G, F) has the property that for all ge G
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® [ e 0amn@=1,

where, as usual, mp. denotes the K-invariant probability measure on F". Call
such a m.f. unitary. We shall show that (8) implies an integration formula similar
to (1). In fact, let E be an n-dimensional ellipsoid centered at the origin in R" with
V. (E)= V,B,). Then there exists ge SL(n, R) with E = g~!B,. Suppose ¢ has
the form (7). We may write

Vi(g(é NE)) _ V(g N B,) _ Vi(By)

0(g,¢) = V& NE) - V(& NE) = ViE, NE)
Hence
Vi€ NE)N™  (Vyes(Gy—s DE) YT =
Ln( V(By) ) ( Va-1(By~1) ) dmp(8) = 1
or

f Vi€ NE) ™™V, y (&t NE) " dmp(&) = €4y oy
F’l
Replacing E by AE we have 4" =V (E) and
Vi€ NEY " e Voo y(Eamy OB dmp(E) = ¢y v Vo B) "
Fn

We thus find

LEMMA 6. If 6%y --air"! is a unitary m.f. in Z(G,F"), then
€)) f Vi(& NE)Y ™ Voo (Gpmy DE) " dmp(&) = ¢, . V(B 50
Fn

for any ellipsoid E centered at the origin in R".

Theorem 1 now follows from Lemma 6 and the fact that g,,= 0" is unitary
for each k. This latter fact follows from Lemma 5 and by generalizing the setup
in Lemma 5 we may obtain wide family of unitary multiplier functions. Namely,
let M be any equivariant image of F, ¢: F"— M. Set

oule, &) = M (4e))

dmy,

LEMMA 7. oy €Zg(G,F") and is unitary.

The proof of the fiirst assertion is identical to that of Lemma 4 except that we
make use of the equivariance of ¢ so that



Vol. 10, 1971 INTEGRAL GEOMETRY 335

A8 81 M 4y d"”l g (gzqs(é))—"gl M (4(:8) = (g1 £29).

dg;imy

6y Is unitary because m,, is the image under ¢ of my. so that

[ 28 pendmed = [ FomE@dm = [ demm =1

Now we have already noted that Fy is an equivariant image of F*. But we can
also define the flag manifold F; ., of partial flags ¢=(¢,, -, ¢, ) where
i, © -+ =&, are subspaces of the dimensions indicated. Clearly for each subset
i, <i,<--<i,of (1,2,-++ n — 1) we obtain an equivariant image of F" and we
can form the unitary m.f. oz, ... A computation similar to that of Lemma 3
leads to the identification
LemMMmA 8.

i1—is

ipa1—n
i2 .

ser 0.

iy

— iz
O-Fn” eep 0-' g;

This leads to the following generalization of Theorem 1:

THEOREM 2. If E is an ellipsoid centered at the origin of R" then
(10)J Vi(&, NEY Wi (&, NEY* ™" V(& NEY ™= dm(E) = c(iy, -+, i, )V (E)"
where the integration is taken over the flag manifold Fj, .. ;, and the constant
¢(iy, +++,1,) is chosen so that the result is valid for E = B,.

REMARK. Actually, (10) can also be obtained as a direct consequence of (1) by
applying the latter repeatedly and observing that F}, .; is a fiber bundle over
F{, ... with fiber F2.

We now turn to the question of determining all the unitary m.f. in Z (G, F").
This will determine all the integration formulas of the form (9). Another instance
of a formula of this type occurs in ([1], lemma 8.3).

6. Multiplier functions and spherical functions

Let G be a semi-simple Lie group with finite center, K a maximal compact
subgroup, M a G-space on which K acts transitively. One then has

LeMMA 9. If 0€Zg (G, M) and

#(g) = fM o(g, x) dmyy(x)

then

(12) f d(gikgs) dk = d(g;) H(gy).
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Proor. Straightforward verification.

A function satisfying (12) is called a spherical function. Note that a spherical
function satisfies ¢(gk) = ¢(g) = ¢(kg) for ke K. We refer the reader to ([3],
chap. X) for a comprehensive treatment of the theory of spherical functions.
One of th> principal results of this theory is the theorem of Harish-Chandra
(th. 6.16) which gives an explicit representation of any spherical function. This
theorem implies that a converse of Lemma 9 is valid, and that any function
satisfying (12) arises by means of the representation (11) for an appropriate space
M. We shall give the details for the special case of interest to us, G = SL(n, R).

Let ge SL{(n,R). Then g has a unique decomposition g = k(exp a)n where
ke SO(n), a is a diagonal matrix, and n is an upper triangular matrix with 1’s
along the diagonal. We set A(g) = a. The set of all matrices of the form A(g),
i.e. the set of all diagonal matrices with trace 0, forms a vector space whose dual
we shall denote by A. We denote by W (for Weyl group) the symmetric group on n
elements. W acts on the space of diagonal matrices by permuting diagonal ele-
ments, and so it also acts on the dual space A. We shall write A° for the transform
of the element A by the permutation . Finally let p denote the element of 1
defined by

a;0...0
0a,... 0
=a;+2a,+ - +na,=—{(n—Da,+(n—2)a,+ - +a,-,}
Lo a,
THEOREM 3. (Harish-Chandra) Every spherical function on SL(n,R) has the
representation
13) b = [ o ax
K

where K = SO(n), and .€A. Moreover ¢, = ¢,. if and only if ' =1+ p—p”
for some weW.

We shall now see that the representation (13) can be put in the form (11) with
M the flag manifold F*. We need

LeMMA 10. Let H denote the subgroup of upper triangular matrices in
SL(n,R) and set
R(g, kH) = A(gk).

Then R is well defined for ge G, ke K and satisfies
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(14) R(g182,kH) = R(gy, g,kH) + R(g,,kH).

Proor. To show that R is well defined we must show thatif k, H = k,H then
A(gk,) = A(gk,). Butif k;' k, e H N K, then k; ' k, is a diagonal matrix. Writing
gk, = ken, with e = exp A(gk,), then gk, = kenk; 'k, = kek; 'k,n' = kk;* kyen’,
whence A(gk,) = A(gk,).

To prove (14) we decompose g,k in the form k’en so that g,g,k = g k’en.
Let gk’ =k"e'n’; then g g,k = k"e'n’en. Since e is a diagonal matrix and n’ is
upper triangular with 1’s on the diagonal, n’e will have the same diagonal as e,
and therefore n’e can be rewritten en” where n” is upper triangular with 1’s on the
diagonal. Hence one obtains

A(g18:k) = A(g1k") + A(g:k)
so that

R(g182,kH) = R(gy, k'H) + R(g,, kH).
Since expA(g,,k) -neH, k'H = g,kH and the desired result follows.

From the foregoing lemma it follows that the integrand in (13) can be written
0,(g, &), E€ F", where o, is a m.f. (not necessarily taking positive values). If 1 is
real valued then o;€Z (G, F") and 1 is determined from o; by exp,(a) =
a;(exp (a),5o)-

Now observe that ¢(g) =1 is a spherical function. It evidently corresponds to
A =0 and by the Harish-Chandra theorem it can be expressed in the form (13)
exactly for those g;, 4 of the form p — p®. But this means that ¢ is unitary iff

o =0, for A=p — p® Thus

THEOREM 4. The formula

fF (g, ) dmp®) = 1

isvalid for all ge G if and only if 6 = o, with 1 = p — p® for some permutation w.
It remains to compute these o, in terms of the basis 64, --,6,_, of Z(G, F").
Let we W; then (1), (2),-:-w(n) is a permutation of the first n numbers. Then

al 0 ---0 ] (aw(l) 0 « 0 )

w0 @ ...0 0 gy --- 0

o 2 =p (2) = w(1)+...+naw(n)
0 0 ...0o (0 0 ... oy

Let d denote the diagonal matrix with entries exp «; on the diagonal. ¢, is deter-
mined by its values for all (d, ;) with d as above. Now
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expa; = a(d,&o) [6;-1(d1&o) (0g=1,0,=1)

so that
n n
0'p-~(d1‘fo)=eXP ,-2—:1 ity = ill O'w(i)(dvfo)i/aw(i)—1(d150)
and
n . . n R n-1 . .
Gy = il;Il a;(i)o'a:(li)q = il;ll ajf’_l(j)aj—_"’l_l(’) — jl__ll 0?_1(’)"”_’(""”.

When o is the identity permutation we obtain g, = H;;ia;l. Replacing w by

w™! we finally deduce
THEOREM 5. A multiplier function is unitary if and only if it has the form
o =[] g2+ D=0t
J

for some permutation .

Applying Lemma 6 we find

THEOREM 6. For every permutation w of the integers (1,2,---,n), there exists
a constant c,, such that if E is an n-dimensional ellipsoid in R" centered at the

origin, then

n—1
H Vj(éj nE)m(j)_m(j+1)+1den(§) = CG,V“(E)"_O’(") N

Pri=1
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